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Assignment #2: Growth accounting exercise (to hand in at beginning of class Friday Sept 14) 
Ec 81 Economic Development / Prof S. O’Connell / Fall 2018 / typo fixed 9/14/2018 

 

Background on growth accounting 

Let’s show that the growth rate of output per worker can be broken down into a contribution from 

productivity growth and a contribution from accumulation of capital per worker. We start by showing 

that equation [3-1] in your text comes from the simple neoclassical production function 

 

𝑌 = 𝐴𝐾𝛼𝐿1−𝛼, 

 

where 𝐴 is known as “Total Factor Productivity” or TFP, and where in a perfectly competitive economy, 

𝛼 would be the share of capital in national income (0.35 or so).  

This production function displays constant returns to scale in labor and physical capital because 

doubling both of these doubles output (with 𝐴 held constant). You can demonstrate this property by 

replacing labor and capital with scaled-up versions 𝜆𝐾 and 𝜆𝑌 for any scale factor 𝜆 > 0, and showing 

that this increases 𝑌 in exactly the same proportion. The production function is neoclassical because it 

displays diminishing returns to the primary inputs capital and labor, meaning that the marginal product 

of each of these factors of production declines as you add more of that input holding all other inputs 

constant (there are diminishing returns because the exponents on 𝐾 and 𝐿 are each below 1).  

Taking the log of both sides, the production function can be written 

 

log 𝑌 = log 𝐴 + 𝛼 ∙ log 𝐾 + (1 − 𝛼) ∙ log 𝐿. 

 

The above equation holds in each year (treating 𝛼 as a constant and the other variables as time-varying), 

so we can look at differences over any 𝑇 years by subtracting the values in the initial year (𝑡−𝑇) from the 

values in the final year (𝑡). Using the notation ∆ log 𝑌𝑡 = log 𝑌𝑡 − log 𝑌𝑡−𝑇 to denote a time difference, 

subtract the above equation dated 𝑡 − 𝑇 from the same equation dated 𝑡 to get: 

  

∆ log 𝑌𝑡 = ∆ log 𝐴 + 𝛼 ∙ ∆ log 𝐾𝑡𝑌𝑡 + (1 − 𝛼) ∙ ∆ log 𝐿𝑡. 

 

For a variable growing at an annual exponential rate of 𝑔𝑌, the value at time 𝑡 is related to the 

value 𝑇 years earlier by 𝑌𝑡 = 𝑒[𝑔𝑌 100⁄ ]∙𝑇 ∙ 𝑌𝑡−𝑇 . The growth rate has to be divided by 100 so that a 

growth rate like 𝑔𝑌 = 2% translates into an exponential growth coefficient of 𝑔𝑌 100⁄ = 0.02. Taking 

logs of both sides of this expression for 𝑌𝑡, we get a straightforward relationship between the growth 

rate and the log difference: ∆ log 𝑌𝑡 = (𝑔𝑌 100⁄ ) ∙ 𝑇, or 𝑔𝑌 = (100 𝑇⁄ ) ∙ ∆ log 𝑌𝑡 . Multiplying each 

additive element in the above equation by 100 𝑇⁄  and applying the growth-rate relationship to the 

resulting elements, the equation can be re-expressed as a relationship between growth rates: 

 

𝑔𝑌 = 𝑔𝐴 + 𝛼 ∙ 𝑔𝐾 + (1 − 𝛼) ∙ 𝑔𝐿 . 

 

This is exactly equation [3-1] in your textbook, 𝑔𝑌 = 𝑎 + 𝑊𝐾𝑔𝐾 + 𝑊𝐿𝑔𝐿, where 𝑎 = 𝑔𝐴, 𝑊𝐾 = 𝛼 and 

𝑊𝐿 = 1 − 𝛼.  In these equations, 𝑎 = 𝑔𝐴 = ∆ log 𝐴 is the ‘productivity residual’ and gives the estimated 

contribution of TFP growth to growth in overall output. This contribution of productivity growth cannot 

be directly observed, but it can be calculated as a residual because every other element of the 

equation can be estimated from the data (given a plausible value for 𝜶, discussed above). 
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Converting to per-worker terms 

Notice that we can easily rewrite the bolded equation in terms of output per worker and the capital 

stock per worker, by subtracting 𝑔𝐿 from both sides (as shown in the exercise below, an alternative way 

to get the same thing is to start by expressing the production function in per-worker terms). This yields 

 

𝑔𝑌 − 𝑔𝐿 = 𝑔𝐴 + 𝛼 ∙ (𝑔𝐾 − 𝑔𝐿). 

 

But the exponential growth rate of a quotient is simply the difference between the exponential growth 

rate of the numerator and that of the denominator. Therefore 𝑔𝑌 − 𝑔𝐿 = 𝑔𝑌/𝐿 and 𝑔𝐾 − 𝑔𝐿 = 𝑔𝐾/𝐿.  So 

we can re-express our growth-accounting decomposition in per-capita terms, as: 

 

𝒈𝒀/𝑳 = 𝒈𝑨 + 𝜶 ∙ 𝒈𝑲/𝑳. 

 

The growth rate of output per worker, in other words, can be broken down mechanically into a 

contribution from productivity growth (determined as a residual) and a contribution from 

accumulation of capital per worker. 

 

Exercise: 
In Table 3-2, your text shows a more sophisticated growth-accounting exercise that allows for an explicit 

role of human capital, rather than leaving human capital in the TFP residual. The production function is 

 

𝑌 = 𝐴𝐾𝛼(ℎ ∙ 𝐿)1−𝛼, 

 

where ℎ is human capital per worker (e.g., educational attainment). Dividing through by 𝐿 on both sides 

of the equation, output per worker takes the form 

 

𝑌

𝐿
= 𝐴 ∙ (

𝐾

𝐿
)

𝛼

ℎ1−𝛼. 

 

Using the methods above (take logs on both sides; compute log differences; convert the log differences 

into growth rates), this production function implies the following equation, which is the basis for the 

growth decomposition in Table 3-2 of your textbook. Interpret this equation in words. 

 

𝑔𝑌/𝐿 = 𝑔𝐴 + 𝛼 ∙ 𝑔𝐾/𝐿 + (1 − 𝛼) ∙ 𝑔ℎ 

 

Your interpretation: 


