Quantum Statistics

7.1 The Gibbs Factor

In deriving the Boltzmann factor in Section 6.1, I allowed the small system and
the reservoir to exchange energy, but not particles. Often, however, it is useful to
consider a system that can exchange particles with its environment (see Figure 7.1).
Let me now modify the previous derivation to allow for this possibility.

As in Section 6.1, we can write the ratio of probabilities for two different mi-

crostates as

p(S;) h 52;{(31) - eSr(s1)/k
The exponent now contains the change in the entropy of the reservoir as the system
goes from state 1 to state 2. This is an infinitesimal change from the reservoir’s
viewpoint, so we can invoke the thermodynamic identity:

. Sr(sa)/k
P(sa) Qn(sy)  eSrlsaV/ _ olSr(s2)~Sn(s1))/k (7.1)

1
dSg = 7 (U + P AV — pdNr). (7.2)
“Reservoir” — “System”
UR, NR 0:‘> E yN
T, p i ’

Figure 7.1. A system in thermal and diffusive contact with a much larger reser-
voir, whose temperature and chemical potential are effectively constant.
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Chapter 7 Quantum Statistics

Since any energy, volume, or particles gained by the reservoir must be lost by the
system, each of the changes on the right-hand side can be written as minus the
same change for the system.

As in Section 6.1, I'll throw away the P dV term; this term is often zero, or at
least very small compared to the others. This time, however, I'll keep the udN
term. Then the change in entropy can be written

Sr(52) = Si(s1) =~ [B(s2) - B(sx) = uN(sa) + uN(s1)]. (7.3)

On the right-hand side both E and N refer to the small system, hence the overall
minus sign. Plugging this expression into equation 7.1 gives

P(sy) e [Els2)=puN(s2)l/kT

P(s1) = e~ B(s1)—nN(s)]/kT * (7.4)

As before, the ratio of probabilities is a ratio of simple exponential factors, each
of which is a function of the temperature of the reservoir and the energy of the
corresponding microstate. Now, however, the factor depends also on the number of
particles in the system for state s. This new exponential factor is called a Gibbs
factor:

Gibbs factor = e~ (E(s)—sN(@)I/kT (7.5)

If we want an absolute probability instead of a ratio of probabilities, again we
have to slip a constant of proportionality in front of the exponential:

1
P(s) = 5 e BEO-kNGIET, (7.6)

The quantity Z is called the grand partition function* or the Gibbs sum. By
requiring that the sum of the probabilities of all states equal 1, you can easily show

that
i = Z e—[E(S)—uN(S)]/kT, (7.7)

where the sum runs over all possible states (including all possible values of N).

If more than one type of particle can be present in the system, then the udN
term in equation 7.2 becomes a sum over species of u; dN;, and each subsequent
equation is modified in a similar way. For instance, if there are two types of particles,
the Gibbs factor becomes

Gibbs factor = ¢~ [F(s)—#alNa(s)—up N5 (s)]/kT (two species). (7.8)

*In analogy with the terms “microcanonical” and “canonical” used to describe the
methods of Chapters 2-3 and 6, the approach used here is called grand canonical. A
hypothetical set of systems with probabilities assigned according to equation 7.6 is called
a grand canonical ensemble.
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71 The Gibbs Factor

An Example: Carbon Monoxide Poisoning

A good example of a system to illustrate the use of Gibbs factors is an adsorp-
tion site on a hemoglobin molecule, which carries oxygen in the blood. A single
hemoglobin molecule has four adsorption sites, each consisting of an Fe?* ion sur-
rounded by various other atoms. Each site can carry one Oy molecule. For sim-
plicity I'll take the system to be just one of the four sites, and pretend that it is
completely independent of the other three.* Then if oxygen is the only molecule
that can occupy the site, the system has just two possible states: unoccupied and
occupied (see Figure 7.2). Tl take the energies of these two states to be 0 and ¢,
with ¢ = —0.7 eV.1
The grand partition function for this single-site system has just two terms:

Z =14 (WA (7.9)

The chemical potential p is relatively high in the lungs, where oxygen is abundant,
but is much lower in the cells where the oxygen is used. Let’s consider the situation
near the lungs. There the blood is in approximate diffusive equilibrium with the
atmosphere, an ideal gas in which the partial pressure of oxygen is about 0.2 atm.
The chemical potential can therefore be calculated from equation 6.93:

w= —len(Kﬁiﬂ> ~ —0.6 eV (7.10)
Nvg

at body temperature, 310 K. Plugging in these numbers gives for the second Gibbs
factor

e~ (e BI/ET o o(0-1eVI/ET 5 40, (7.11)
The probability of any given site being occupied is therefore
40
P(occupied by Oz) = = 98%. 1

(occupied by Os) 1T 40 % (7.12)

]

oot O —0
Felt Fedt
E=0 E=-0T7eV

Figure 7.2. A single heme site can be unoccupied, occupied by oxygen, or occu-
pied by carbon monoxide. (The energy values are only approximate.)

*The assumption of independent sites is quite accurate for myoglobin, a related protein
that binds oxygen in muscles, which has only one adsorption site per molecule. A more
accurate model of hemoglobin is presented in Problem 7.2.

TBiochemists never express energies in electron-volts. In fact, they rarely talk about
individual bond energies at all (perhaps because these energies can vary so much under
different conditions). I've chosen the ¢ values in this section to yield results that are in

rough agreement with experimental measurements.
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260 Chapter 7 Quantum Statistics

Suppose, however, that there is also some carbon monoxide present, which can
Wy also be adsorbed into the heme site. Now there are three states available to the site:
e unoccupied, occupied by O2, and occupied by CO. The grand partition function is

el Z =14 (/T | o~(=u)/AT (7.13)

& - where €' is the negative energy of a bound CO molecule and y' is the chemical
. potential of CO in the environment. On the one hand, CO will never be as abundant
|,-,‘|} :I ! Il as oxygen. If it is 100 times less abundant, then its chemical potential is lower by
N roughly KT1n100 = 0.12 eV, so u' is roughly —0.72 eV. On the other hand, CO is
i more tightly bound to the site than oxygen, with ¢/ &~ —0.85 eV. Plugging in these
i g numbers gives for the third Gibbs factor

e—(—B/KT  (0.18eV)/kT - 190 (7.14)

= . The probability of the site being occupied by an ozygen molecule therefore drops
19 i to
. 40

Il.." . : P(occupled by 02) = m = 25%. (715)
l

! Problem 7.1. Near the cells where oxygen is used, its chemical potential is sig-
| nificantly lower than near the lungs. Even though there is no gaseous oxygen near
these cells, it is customary to express the abundance of oxygen in terms of the
partial pressure of gaseous oxygen that would be in equilibrium with the blood. B |
. Using the independent-site model just presented, with only oxygen present, cal-
culate and plot the fraction of occupied heme sites as a function of the partial
pressure of oxygen. This curve is called the Langmuir adsorption isotherm
L (“isotherm” because it’s for a fixed temperature). Experiments show that adsorp-
R tion by myoglobin follows the shape of this curve quite accurately. i ]
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| Problem 7.2. In a real hemoglobin molecule, the tendency of oxygen to bind to
,;'1 a heme site increases as the other three heme sites become occupied. To model
M this effect in a simple way, imagine that a hemoglobin molecule has just two sites,
: either or both of which can be occupied. This system has four possible states
; (with only oxygen present). Take the energy of the unoccupied state to be zero,
b the energies of the two singly occupied states to be —0.55 eV, and the energy of

] the doubly occupied state to be —1.3 eV (so the change in energy upon binding
the second oxygen is —0.75 eV). As in the previous problem, calculate and plot the
fraction of occupied sites as a function of the effective partial pressure of oxygen.
2[ Compare to the graph from the previous problem (for independent sites). Can you
think of why this behavior is preferable for the function of hemoglobin?

e
IS NN

i
e

qil-

B

=
|I -"
l- i

i | Problem 7.3. Consider a system consisting of a single hydrogen atom/ion, which

' has two possible states: unoccupied (i.e., no electron present) and occupied (i.e.,
one electron present, in the ground state}. Calculate the ratio of the probabilities
of these two states, to obtain the Saha equation, already derived in Section 5.6.
Treat the electrons as a monatomic ideal gas, for the purpose of determining .
Neglect the fact that an electron has two independent spin states.




7.1 The Gibbs Factor

Problem 7.4. Repeat the previous problem, taking into account the two inde-
pendent spin states of the electron. Now the system has two “occupied” states,
one with the electron in each spin configuration. However, the chemical potential
of the electron gas is also slightly different. Show that the ratio of probabilities is
the same as before: The spin degeneracy cancels out of the Saha equation.

Problem 7.5. Consider a system consisting of a single impurity atom/ion in a
semiconductor. Suppose that the impurity atom has one “extra” electron compared
to the neighboring atoms, as would a phosphorus atom occupying a lattice site in
a silicon crystal. The extra electron is then easily removed, leaving behind a
positively charged ion. The ionized electron is called a conduction electron,
because it is free to move through the material; the impurity atom is called a
donor, because it can “donate” a conduction electron. This system is analogous
to the hydrogen atom considered in the previous two problems except that the
ionization energy is much less, mainly due to the screening of the ionic charge by
the dielectric behavior of the medium.

(a) Write down a formula for the probability of a single donor atom being

" ionized. Do not neglect the fact that the electron, if present, can have two

independent spin states. Express your formula in terms of the temperature,

the ionization energy I, and the chemical potential of the “gas” of ionized
electrons.

(b) Assuming that the conduction electrons behave like an ordinary ideal gas
(with two spin states per particle), write their chemical potential in terms
of the number of conduction electrons per unit volume, N, /V.

(c) Now assume that every conduction electron comes from an ionized donor
atom. In this case the number of conduction electrons is equal to the
number of donors that are ionized. Use this condition to derive s, quadratic
equation for N, in terms of the number of donor atoms (Ng), eliminating .
Solve for N. using the quadratic formula. (Hint: It’s helpful to introduce
some abbreviations for dimensionless quantities. Try z = N, /Na,t = kT/1,
and so on.) :

(d) For phosphorus in silicon, the jonization energy is 0.044 eV. Suppose that
there are 10'7 P atoms per cubic centimeter. Using these numbers, calcu-
late and plot the fraction of ionized domors as a function of temperature.
Discuss the results.

Problem 7.6. Show that when a system is in thermal and diffusive equilibrium
with a reservoir, the average number of particles in the system is
¥_ oz
Z Ou
where the partial derivative is taken at fixed temperature and volume. Show also
that the mean square number of particles is

w2 D)z
Z ou?
Use these results to show that the standard deviation of N is
on = \/kT(ON /o),

in analogy with Problem 6.18. Finally, apply this formula to an ideal gas, to obtain
a simple expression for oy in terms of N. Discuss your result briefly.
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Chapter 7 Quantum Statistics

Problem 7.7. In Section 6.5 I derived the useful relation F' = —kT'In Z between
the Helmholtz free energy and the ordinary partition function. Use an analogous
argument to prove that

d=—kThhz,

where Z is the grand partition function and ® is the grand free energy introduced
in Problem 5.23.

7.2 Bosons and Fermions

The most important application of Gibbs factors is to quantum statistics, the
study of dense systems in which two or more identical particles have a reasonable
chance of wanting to occupy the same single-particle state. In this situation, my
derivation (in Section 6.6) of the partition function for a system of N indistinguish-
able, noninteracting particles,

o

ZN!

zy, (7.16)

breaks down. The problem is that the counting factor of N!, the number of ways of
interchanging the particles among their various states, is correct only if the particles
are always in different states. (In this section I'll use the word “state” to mean a
single-particle state. For the state of the system as a whole I'll always say “system
state.”)

To better understand this issue, let’s consider a very simple example: a system
containing two noninteracting particles, either of which can occupy any of five states
(see Figure 7.3). Imagine that all five of these states have energy zero, so every
Boltzmann factor equals 1 (and therefore Z is the same as (2).

If the two particles are distinguishable, then each has five available states and
the total number of system states is Z = 5 x 5 = 25. If the two particles are
indistinguishable, equation 7.16 would predict Z = 52/2 = 12.5, and this can’t be
right, since Z must (for this system) be an integer.

So let’s count the system states more carefully. Since the particles are indis-
tinguishable, all that matters is the number of particles in any given state. I can
therefore represent any system state by a sequence of five integers, each representing
the number of particles in a particular state. For instance, 01100 would represent
the system state in which the second and third states each contain one particle,

\ Figure 7.3. A simple model of five

single-particle states, with two particles
that can occupy these states.




