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26.3 Virial expansion
Another method of modelling real gases is to take the ideal gas equatior
and modify it using a poÍ¡er series in 1/V* (where V- is the molar
volume). This leads to the following virial expansion:

PV^-t-B -CRT:t*V^*,Å*-.. (26.40

In this equation, the parameters B, C, etc., are called virial coefä.
cients and can be made to be temperatu¡e dependent (so that we wil
denote them by B(7) and c(T)). The temperature at which the viria
coeffi.cient B(?) goes to zero is called the Boyle temperature Ts sinc,
it is the temperature at which Boyle's larr is approximatery obeyed (ne
glecting the higher-order virial coefficients), as shown in Fig. 26.g.

Exarnple 26.2

Express the van der waals equation of state in terms of a viriar ex
pansion and hence find the Boyle temperature in terms of the critic
temperature.
Solution:
The van der Wa,als equation of state can be rewritten as

(26.4

Rr a RT /, ö\-1 aP: v 4- ø: , \t- V ) - W, (26.41 *.___

and using the binomial expansion, the term in brackets can be expande
into a series, resulting in

#:'*+(,- #). (#)'. (#)'* , (26.4'

which is in the same form as the virial expansion in eqn 26.40 with

B(n:b- +. e6.4;RT

The Boyle temperature ?s is defined by ¿("e) : 0 and hence

r": h.,
and hence using eqn 26.19 we have that

277"
_¿s : _g_. (26.,



3

i,/*
>ß"-ç

\ou

\err* ÑJÊ¿_
)

G +--f 6,Ga \Sg^\"-(çÞ1a,a

6.AO. rcf Þ ?r at fixed denrity, quantum effectx oan be noglected a¡ed the thermal properties

of aa ideal Fbrmi æs reduce to the ideal classical gas. Io the follæ'iog we will find the flrst correction to
the classic¿l plcssu¡e equation of gtate.

(a) Does the preasure increase or decrease when the temperature is low€red (at constant densþ)? That
is, what is the oign of the ûrst quantum correction to the claseical preasure equation of state? The
preser¡re is given by [see (6.109)]

(6.264)

In the high temperature limit, sÉ¡¡ ( 1, we can make the e¡rpansion

I Bu-. 1

e"-þp+!-" 1¡"-a*FF
o 

"Þr-"l1 
_ e-s+Pt'l

, If we uee (6.265b), we obtain

.0, 
fo* 

øs/re-"(l- eþue-")a*:lnrtr"orlr- #U-]. (6.266)

Use (6.266) to show that P is given by

,:{ffi.ø,1r,-#æ,1. ß'67)

Soluùion. The result (6.266) follows from a¡ integration by parts a¡d the substitution u: tL/' inthe
integral, which leads to Gauesiaû integrals.

(b) Derive an expreesion for N similax to (6.267). Eliminate ¡r and show that the leading order correction
to the equation of state is given þ

. Pv=Nk"[l -+&], (6.268e)

= rvft"ll + ]6ex'1. (6.268b)

Solution We have E : (312)PV, ø : I en(e)g(e)ile, and lV : [n(e)g(e)¿le. llence, we can write

*:Ytt%WI,*¡çf, (s6256)

Doing the integral in (6.266) þ parts giv€s (3/2) times the firet term in the integral wttin at/2 instead
of. o,3/2 and (3/a) dmes the second term. Thus we can write down the approcimation for N from

*:rÇffi"øult-#u-1.

t_
f-

(2m)s/2Qcf)6/z
3¡¡2ftg l"*

os/2 d.Æ,

e"-Fp ¡ 1

(6.265a)

(6.265b)
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(6.267)
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If we divide (6.Ajn by (56.252), we obrain

PV
ññ:

l- 1 .Pt'

=,#*[1- 
#*11+fiæ,1 (S6.25sa)

= r * (þ - #)æ, - 1¡ J_uøu. 
(s6.258b)

:låxi use1s6 257) without the second term jn the bracket to obtain an errpression for e'p, we
n, yîåTr,;î*,#äffiùä,F"üJ, ;,),:Jtï##lä-i ;rr I

n**,-,'r*:ll;:,ïffi*i,i.i"::'ii'rrffiï qü".*t*i"Tf,trJirr.Tî,. l*,,exchanse ç*"* .lîää"r'ñ"irilJiï:T*tion term in (6.268b) in.rerms oi rî'uäil..," repursive -ri/zø.ilïroå';:l#uit* that the positive sign ie a **àr""ä of rhe symmet"izauoiì"qui"em"nt 1;
solution' \ü'e see 

"'*t 
f:. fermions the co*ection to the nr*€,r,Ã :^ ^- ! 

c.-À vt..Tt¡eeult. Bec¿use o
particres. 

'il,,;'-ll'"::*;i'ää'Jiä"i'T'*'ilhïffiiïr"i;ï:ffifüff:iä'# J;**-^
;m ***rîî",iffiËjHiffi.l,*ruxï*r#j*i,mn:åi*1; 

H",ffi,i rffi G ì Tthe rhermar de Brogrie "":ì;"sd;ffiä smaner rh*;rr"iJiuterparticteãîrää.", 
=ry,P-roblem 0'6L' If t 

ì3^:', q* 9:*l'n qua,,luq effecrs carx be negrecred and rhe thermar properúies;i#"11i*.HfiJä"äü,å*.T#diryT1-#;flffi 
:¡;#þincrease..å;äwhenrheequation of state? The pressure ie given by [re" (6.109)] luantum 

".**i""ìJie classical

" 
_ 21/2m3/2(kr)ø/z [* ,"," *

Follow rhe s€'me procedure ¿s in probrem , rffi:.r"-1ïrrt- 
' (2'z6s)

'i. .l ¿

'rt, t.,:.

PV = ¡¡¡r7lt - "! . pn" 
1L 2 (mkT)3/2 J' (2.220).We 

eee that as the temperatu¡e is lowered at ccvalue' -rv-euuu E ¡uwërecl êt constant density, the pressure becomee less than its crassica]
soluþion' we folrow the same calcuration as in probrem 6.60 .but reprace (6.265b) by1 

-^þ,-ø 7 ^e"-þl-l - " F;:;TF, p ¿pp-t[l*.-a+Fu1. 
(s6.259)The minus sign difierence teade to the pressure being r€s' than the crassicar resurt.
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