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- Lambda = {1.1, 1.2, 1.3}
e {101, 1.2, 1.3}

wis= B2{T_] 2= 2 « PL / 3 *» _( 1 - (Lambda~3 - 1) ~ BExp[1/T - 1])
cpo- Plot[B2[T], {T, .2, 1.5}] WA
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1. Plot[B2[T], {T, .5, 1.0}]
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Temperature dependence of By for the Lennard-Jones potential
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*(‘—r_h___ Fig. 26.8 The temperature depen-

dence of the virial coefficient B.*
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26.3 Virial expansion

Another method of modelling real gases is to take the ideal gas equatior
and modify it using a power series in 1/V;, (where V,, is the mola;
volume). This leads to the following virial expansion:

2V B C .

ﬁ-1+Vm+V,ﬁ+ X (26.40
In this equation, the parameters é, C, etc., are called virial coefh.
cients and can be made to be temperature dependent (so that we wil
denote them by B(T) and C(T)). The temperature at which the viria
coefficient B(T') goes to zero is called the Boyle temperature Ty sinc
it is the temperature at which Boyle’s law is approximately obeyed (ne
glecting the higher-order virial coeflicients), as shown in Fig. 26.8.

— e

Example 26.2

Express the van der Waals equation of state in terms of a virial ex
pansion and hence find the Boyle temperature in terms of the critice =~
temperature.

Solution:

The van der Waals equation of state can be rewritten as

(26.41

RT a RT b\ a
1- BR7ZL e

=y vty Ty

and using the binomial expansion, the term in brackets can be expande _
into a series, resulting in

pV ~ E 2 b 3 ) e
- 1+V (b—RT)+<V) + (V T (26.45 -

which is in the same form as the virial expansion in eqn 26.40 with

=b—- — 26.47
B(T) = b~ = (26
The Boyle temperature T3 is defined by B(Tg) = 0 and hence

a

0 A
B bR; (26
and hence using eqn 26.19 we have that
27T, T
Tg = 5 = (26.c
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@.80. If T > Tr at fixed density, quantum effects can be neglected and the thermal properties
of an ideal Fermi gas reduce to the ideal classical gas. In the following we will find the first correction to
the classical pressure equation of state.

(8) Does the pressure increase or decrease when the temperature is lowered (at constant density)? That
is, what is the sign of the first quantum correction to the classical pressure equation of state? The
pressure is given by [see (6.109)]

_ (2m)3/2(kT)5/2 /oo zs/z dz
P=wl—s = (6.264)
In the high temperature limit, e’* <« 1, we can make the expansion
1 — BB 1
ez——,&p 4 1 € 1 + e_x_{_gp (6.265&)
r PP — e TPH, (6.265b)
If we use (6.265b), we obtain
A [T e (1 = ey da = Sat3ePr1 - L _ou]. 6.266
25/2
0
Use (6.266) to show that P is given by
Sfﬂ(krr)ﬁfi
=1 ) A _ &P
= T01/2 43/2K3 g [1 25/2 #]- (6.267)

Solution. The result (6.266) follows from an integration by parts and the substitution u = z'/2 in the
integral, which leads to Gaussian integrals.
(b) Derive an expression for N similar to (6.267). Eliminate u and show that the leading order correction
to the equation of state is given by

8/2 pha
PV = NKT[14 T~ W] (6.268)
3
= NKT[1+ ﬁp/\ ] (6.268b)

Solution. We have E = (3/2)PV, E = [ en(e)g(e)de, and N = [ 7i(€)g(e)de. Hence, we can write

_ V(-zm)SIQ(kT)BIQ /oo ml/adx
N= ) =i (86.256)

Doing the integral in (6.266) by parts gives (3/2) times the first term in the integral with z'/? instead
of £%/? and (3/4) times the second term. Thus we can write down the approximation for N from
(6.267):

m¥/2(kT)*? 4 1 .
N = VW e u [1 23/2 #] . (86.257)
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If we divide (6.267) by (S6.257), we obtain
1

R o
PV 25/2° 1. 1w L
MR =TT [t e 14 e (36.258)
T 9872°¢
N 1 1y, 1
14 (237_257)6 #=1+257e 3 (S6.258b)

If we next use (56.257) without the second term in the bracket to obtain an expression for Pt we

obtain the desired result. W da vs P S NevD | "/277-?7\31

21/2 3/2 kT 5/2 poo S/Edz
P= ——’—%E%rl_ /0 -4 : (2.269)

7‘_3/2 pﬁs
PV = NkT|1 - T 7|

We see that as the temperature is lowered gt constant density, the pressure becomes less than itg classical
value,

(2.270)

N 1 -
Sy L= e M P L e (S6.259)

The minus sign difference leads to the pressure being less than the classical result.
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