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Fig. 24.3 The molar specific heat ca-
pacity for the Einstein solid and the
Debye solid, according to eqn 24.8 and
eqn 24.25 respectively. The inset shows
the same information on a log-log scale,
illustrating the difference between the
low-temperature-specific heat capaci-
ties of the two models. The Debye
model predicts a cubic temperature de-
pendence at low temperature according
to eqn 24.28, as shown by the dotted
line.  The figure is drawn with O =
Op.
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Problem 6.55. A neutron star can be considered to be a collection of non-interacting neutrons, which

are spin 1/2 fermions. A typical neutron star has a mass M close to one solar mass My =~ 2 x 10%° kg.
The mass of 2 neutron is about m = 1.67 x 107" kg. In the following we will estimate the radius R of the

neutron star. . '_J
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Problem 6.57. Toy systems of fermions.

() Consider a system of noninteracting (spinless) fermions such that each particle can be a single particle
state with energy 0, A, and 2A. Find an expression for Zg using (6.224). Determine how the mean
number of particles depends on u for T = 0, kT = A/2, and kT = A.

Solution. Equation (6.224) is Zg = Y %_, €°*" Zn. Because each fermion can be in only one of three

microstates, the maximum value of N is 3. We define y = ¢ #2 and write
Zi=1+y+y’ (S6.232a)
Zi=y+y +¢° (56.232b)
Zs =19, (86.232c)

where the occupancy for the state (0,4,2A) is (1,0,0), (0,1,0) for one particle, (0,0,1); (1,1,0),
(1,0,1) and (0,1, 1) for two particles; and (1,1,1) for three particles. The grand partition function is
thus

Zo=(1+y+v))z+@w+y" +4°)2" +4°7, (86.233)

where z = e ?#. The mean number of particles is given by

No Aty +u)z+20+y° +9°)2" +3y°2°
(I+y+y2)z+(y+y2+9y3)22 +y323

(56.234)

For T =0,y =0 and thus N = 1. For kT = AJ2,y= e~ 2 = 0.1353, and the mean number of particles
is given by

1.15z + 0.3122% + 0.00742° B 1+ (0.312/1.16)=
1.16z + 0.15622 + 0.00252® 1+ (0.156/1.15)z
~1+0.136z = 1 + 0.136¢24/2, (S6.235b)

N=

(S6.235a)

where we have assumed that z < 1, and used the fact that (1+8)™" ~ 1 —§ for § « 1. For kT = A,
y =€~ 1 =0.3679, and the mean number of particles is given by

1.50z + 1.1062> + 0.1492°

N = 6.236
N = 1502 + 055322 + 0.0502° (86.2362)
1+ (1.106/1.50)=z PN
N—— 1 . =1 . . S6.236b
1% (0.553/1.50)z ~ 1+ 0.3692 + 0.369¢ ( )
=2 peose 2z i ot «< 1. Weoa e Wlot
) ™~ . ] )
L@f‘ O/W\<’ &\J 2 @, \ ) y Number of particles vs. Chemical potential
, b

kr~o©
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Then, for example, to find the actual value of ¢ when ¢ — 1, I typed simply:
FindRoot [1 == fermiN{[c,1], {c,-1,0}]

(The numbers —1 and 0 specify a range of ¢ values to use as initial trials in searching
for a solution. The precise numbers used are not critical.) Although Mathematica,

mutable = Table[{t,FindRoot [1 == fermiN[c,t] »{c,-1,03}] [[1.2]]},{t,.1,2, .11

(tic). The “[[1,2]]" after the FindRoot function strips off some unwanted stuff that
would have interfered with plotting.) This time [ got several warning messages but
still plausible results, so I plotted it with the instruction ListPlot (mutable], which
produced the following graph:

K/ ep
Ife e,

0.5 .

-0.5 ¢
-1

-1.5
-2 .

-2.5 "

In principle, the energy calculation is actually easier than the p calculation, but getting
the previously calculated 4 values into the Mathematica formula can be a bit tricky.
I did it by defining an “interpolating function”

mu = Interpolation [mutabl.e]
The function mu[t] can now be used to calculate y (actually ¢ = u/ €p) at any tem-

perature. (Figure 7.16 was generated by typing Plot [mu[t] ,1t,0,2}].) As for the
energy integral itself, with the same set of substitutions it becomes

U 3 [~ g3
LA ) A .
Nep 2 )y ea/ty ]

which I programmed by typing

energy[t_] := 1, S*NIntegrate[x~1.5/ (Expl(x-muft])/t]+1) »1x,0, Infinity}]




To plot it I gave the instruction
Plot[energy[t],{t,.01,2},PlotRange->{A11,{0,3.2}}];
This produced the following graph:

3t

0.5 1 1.5 5 kT/ex

Notice that U/Nep goes to 3/5 at T = 0, as expected. To obtain the heat capacity I
numerically differentiated the energy function and then plotted the result:

heatcap[t_] := (energy(t+.01] - energy[t-.011)/.02
Plot[heatcap[t],{t,.02,1.99}];

(Not very elegant, but it does the job.) Note that this “heat capacity” function really
calculates C'/Nk, since the energy function is really U/Neg and t is in units of ey /k.
Here’s the plot:

1.4
1.2}
1 |
C 5.8}
Nk
0.6}
0.4}
0.2

0.5 1 1.5 5 kT /er
At temperatures much less than ¢;/k, the heat capacity is approximately linear in T,
as derived in the text. A temperatures much greater than er/k, the heat capacity

approaches %N k, the value for an ordinary “monatomic” ideal gas.
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Problem 6.57. Toy systems of fermions.

(a) Consider a system of noninteracting (spinless) fermions such that each particle can be a single particle
state with energy 0, A, and 2A. Find an expression for Z¢ using (6.224). Determine how the mean
number of particles depends on u for T'= 0, kT' = A/2, and kT = A.

Solution. Equation (6.224) is Zg = Y %_, €’*N Zn. Because each fermion can be in only one of three
microstates, the maximum value of N is 3. We define y = e #2 and write

Zi=14+y+y’ (S6.232a)
Za=y+u +1° (S6.232b)
Z3 =17, (86.232¢)

where the occupancy for the state (0,A,2A) is (1,0,0), (0,1,0) for one particle, (0,0,1); (1,1,0),
(1,0,1) and (0,1,1) for two particles; and (1,1,1) for three particles. The grand partition function is
thus

Zo=0+y+0)z+ w+* +v°)2 + %2, (86.233)

where z = e P*. The mean number of particles is given by

T (1+y+y2)z+2y+y* +9°)2% + 3%
(A+y+y?)z+ (y+y2+y%)22 +y%23

For T =0, y = 0 and thus N = 1. For kT = A/2, y = ¢ ? = 0.1353, and the mean number of particles

(S6.234)

is given by
— 11524 0.3122% +0.00742° _ 1+ (0.312/1.15)z
N = {152+ 015622 + 0.002525 = 1+ (0.156/1.15)z (86.2352)
~ 1+ 0.136z = 1 + 0.136e2*/2, (S6.235b)

where we have assumed that z < 1, and used the fact that (1+6)"' ~1— ¢ for § « 1. For kT = A,
y =e ! =0.3679, and the mean number of particles is given by

_ 150z +1.1062* + 0.1492°

N = _ $6.236
N = {502 + 055322 + 0.0602% (86.2362)
o L (L106/150)2 | 560, — 1+ 0.369€4/4. (S6.236b)

1+ (0.553/1.50)z
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