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Problem 6.õ5. A neutron star ca¡r be considered to be a collection of non-interacting neutrons, which
T_u *pi" L/2 fermions. A typicat neutron sta¡ has a mâss M close to one solar mass M6 = , * iOditä
The mass of a neutron is about m = 1.67 x !0-27 kg. In the following we will estimate thã radius ,R of thîneutron sta¡.
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Problem 6.57. Toy systerrx of fermions

(a) Consider a system of noninteracting (spinless) fermions such that each particle can be a si:rgle particle
state $rith enerry 0, Â, and 2^. Find an expreosion for Zc using (6.224). Determine hory the mean
number of particlea depends on ¡.r. for ? : 0, kT : L/2, and kT : Â.

Solution. Equation (6.224) ts 26 :[ft:reÊFN Zx. Becaus€ each fermion can be in only one of three
microstates, the marcimum value of N is 3. We define A: e-þa and write

zt:L+y*yz (s6.232a)

zz:u+az +gu (s6.282b)

zs : u3, (S6.282c)

where the occupancy for the state (0,^,2^) is (1,0,0), (0,1,0) for one particle, (0,0,L); (1,1",0),
(1,0,1) and (0, L, L) for two particles; and (1,1,1) for three particles. The grand partition fi¡nction is
thus

26: (L+u +y2)z+ (y+ uz +u3)22 latr", (56.233)

v¡here z : ¿-Êv, The mean number of particles is given by

F _ (1+ a+a2)z+2(y+v2 +as)22 r3y3z3 (s6.234)
(1 + g + a2)z + (v * y2 + y3)22 * yszg

For?:0, U:0 and thus N:1. For,t? : L/2,U: e-2:0'1353, and the mea¡r number of particles
is given by

ñ _ L.152 +0.3t2,,2 +0.c[7423 _ 1 * (0.312/1.15)z^'- 1.152tl.15622+0"002õrr -ffi (s6'235a)

¡c 1*0.1362:1+0.136e2tsl4, (S6.235b)

where we have assumed that z ( 1, and used the fact that (1 *ô)-t ¡c 1-ô for ð( 1. For rt?:4,
a : e-L : 0.3679, and the mean number of particles is given by

o _ 1.502 + 1.106z2 l0.l49zsN : ,o* *55312 -.,. g¡56rs (s6'236a)

_ 1+(1.106/1.50)z ,- 1+10.5$7150)t 
¡v1*0'3692:1*0'369ep/a' (S6'236b)

* i *", rr *¡'b'" << \ , ['; ^-.0 t *ì,- \t "\
t îi",'u pfc'*e

Ldw.o^^\<' yg'r .ae\"'1
N

4

Number of particles vs. Chemical potential

kT- o

I

2

\ lcT=¿

l.r- i

40 2 c , (in À)
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Then, for exampre, to find the actuar varue of c when t: r,I typed simply:

FiudRoot[1 == ferniNtc,l], {c,_1,0}l
(The numbers -1 and 0 specify a range of c values to use as initiat trials in searchingfor a sorution' The precise numbers i""d ur" *, "riuå1.) Arthoug h Mathematicacomplained wirh a yrg"s messase ui thi, i";;;i"";;î; urr.*"r ir gave was quite
::ilr"å*ï ;ù"i,råi; åilîF success, r got ambìtio* 

"o¿ askeJfor * tuur" or

rutable = TabIE[{t,FindRoot[1 _= ferniN[c,t],{c,_1,0}l tt1,2ll},{t ,.L,2,.I}f
(Some of the details in this instructionih" tubru wirhour retvping it. wh;; iri:,äfiili:::::i l,ï'ììï:r-å#:åiï:f:(r,c). The "[[L,z]r" aftãt ihu pioanooi runction r;r,o";î"ome unwanred sruff rharwould have inre¡fe¡ed wirh pr"tü;;.j This time I il;;ar warning messages bur
;l*ti:äiH;î:l:ilî.Iunrottea ä ím, t¡" in"t.u-"til" iì"rrrot rnritaurerlwhich

tt/ur
I

0.5

0.5 1.5 kT/ep2-0.5
-1

-l_.5
-2

-2.5
) In principle' the energy calculation is actually easier than the ¡r calculation, but getting

i i: Jïï ï:i ;j;T:':läTäï#Tj:î#i" äi'ii ilrmu, a c an b e ã bi t t,, "ky

6r¡ = fnterpolation lmutable]
The function nu[t] can now be used to_ llcrllatlp (actuary c: tt/eF)at any tem_perature. (Figure Z.16 was generated bf lfn_rng 

pioìfrotì1 ,{r,0,2}1.) As for theenergy integral itserf, with thu ,u** ,"i'of substitutions it becomes

U 3 /* xr/z
Nur= z J, "ø:¡;;1dr,

which I programmed by typing

ene¡gy[t-] := 1'S*NJntegrat€tx^1.5/(Exp[(x-nult] )/t1+7¡,{x,0,rnfinity}l



5's

To plot it I gave the instruction

Plot lenergy[t],{t, . 01,2},P1ot¡a.ge->{All,{0,3 .2}}l ;

This produced the following graph:

3

2.5
)

U
F." 1 .5

1_

0.5

0.5 1 L.5 2
kT/ep

C
NE

L.4
L.2

1

0.8
0.6
0.4
0.2

Notice thatUf NeF goes to 315 atT:0, as expected. To obtain the heat capacity I
numerically differentiated the energy function and then plotted the result:

heatcap[r_] :- (energy[t+.01] - euergy[t-. ot]) / .02
Plot [heatcap [t1 , {t, .02, 1 .99}] ;

(Not very elegant, but it does the job.) Note that this "heat capacity" function really
calculates ClNk, since the energy function is really t//Ne, and ú is in units of. epf k.
Here's the plot:

0.5 1 1.5 2
kT/ep

At temperatures much less than er/fr, the heat capacity is approximately linear in ?,
as derived in the text. A temperatures much greater than ep/,k, the heat capacity
approaches fll*, the value for an ordinary (,monatomic', ideaigas
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Problem 6.õ7. Toy systems of fermions.

(a) Consider a system of noni¡teracting (epinl€ss) fermions such that each particle can be a single particle
state with enerry 0, A, and 2^. Find an expreseion for Ze ueing (6.224). Determine hon¡ the mean
number of particles depends on p for ? : 0, ldl : LlZ, and ,t? : A.
Solution. Equation (6.224) rs Zç :Di:r"Pu* Zv. Becauee each fermion can be in only one of three
microstatæ, the maximum value of lV is 3. We define U: e-F^ and write

zt:L-latu2 (S6.232a)

zz:u+a'+g' (s6.232b)

zs : g3, (S6.282c)

where the occupancy for the state (0,4,2^) is (1,0,0), (0,1,0) for one particle, (0,0,1); (1,1,0),
(1,0, 1) and (0, 1, 1) for two particles; and (1., L,1) for three particles. The grand partition function is
thus

zç: (L+g +gz)z+ (g+u2 +as)22 *g"r", (s6.233)

where z : ¿-Êu. The mean number of particles is given by

For?:0, U:0 andthug.ðü:1. For ÈT : L/2,U: e-2:0,1353, andthemeannumberof particlee
is given by

ï, t.L'z t- 0.31222 -t 0.c[7423 _. I + (0.312/1.L5)z
N-" - L.t'zi-o.156z2 *0.ü)2523 - 1+(0.156/1.15)z

L.502 i 0.55322 * 0.05023

(s6.234)

(S6.235a)

=L*0.1362:L+O.!36e2p/4, (s6.235b)

wherewe haveassumed that z ( 1-, and used thefact that (1 +ô)-1 ¡v 1-ô for ð( L. For k?:4,
U : e-r : 0.3679, and the mea¡ number of particles is given by

(S6.236a)

(s6.236b)

ù

,)

r

* 1 1 fl'1911'901' = 1 *0.B6ez : 1 *0.36eepla
1 * (0.553/1.50)z
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