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problem 7.15. For a system of particles obeying the Boltzmann distribution, the total

number of particles should be iI
¡f : Itr"oltzmann: I "-G"-tù/kr 

: et'lkrle-"/xt'
all¡ e c

But the sum in the last expression is just the single-particle partition function, 21, and

therefore,

À.<"

.)"@\
N * tr: krbrä: -nf n#.eP/kr or
Zt

(I prefer to write - ln(ftlN) rather than ln(N/ 21), since Zt Þ N whenever the Boltzmann

distribution applies.)



Doçâ

\
cf) 2

\¡ T\O
\^4q ç

Ø
C.1\ÉsTOrl"-

o--o "I c E--q o--
-C)"-e)o o G -{"O"O.e_

.a-:---l a-O'oa
o O O o O o

A OOO Ooooaao
'75

2

.-\-h

0t
\O =O"ONO ç \J

-ã, =Ð
t" 

\-¡¿ç-r'\

- -:=ô.<
)i

\\\ 
\ñ5'\c>ð

(_Nl, ?,\ É_r,l z-N r_N
erá=ç>

r -Ì{No-

o='? \

+o
-:Ö

o

--o..,-
Q= b

!-'
c) \t-1<, \.\

--È:.-!â _S_R-- \

-\'ç-r\-.
L

ìi'.\.À.¡,.o 
='

- \\ 't=a*^cr
J_

.. à..'

'I-,, -- ..

o=o?
/ 't t=,
¿2' 7

ã

e
'A*¡à-I' j"T'?i

!^o2
; : 'r'i- r-ö

sn
=\9

L
È

€



I
c 0

\\ N
\l

It

d\
c 

o 
c 

c 
c

t\r
C

O
-.

C
O

O
 C

'Co þ

C
O

ro
c

c\
o o 0 C

lC rc .C

C o o t\ o c

Þ
þo r^

J

:

C
C

O
C

cÊ : l :

c C
J w
O

-
'ù

rl

r
ì

lil
\ ¿

t, þ rD V ',7
,

V

N
\

+
)

j

LA
o

-f
t

9) Y
I

.Þ
*

a\

-f
) 

;
ra

ñ
1 

,tv
,-

/ 
l

\-
/

'rl

J

r(

? V J
U 7 é ?, U l,) C 1 I /.

ú

P n Â d tn tl

fn o v â L ?

7 F (q \5
É

)þ

¿
7

.J
\

ì{ \

I L iM
r

) 4

o
4 a \' )l 

l
¿

o 
lrI L p^

I a

rl
F n Ê E j¿ o ff F ro q, ts ts tÞ t¡ ñt l¿ F F ts l¿ F o

p

\

,1
t]|

 N \-
/

tl

I

I

Ë ,x

è t^ ô

0 n t

,>
1,

N . 
tl \*

-l -a
5 (t
\ rl

\- w

Jl
 

l

{J
 

:\
rt

 
ì

t-
ol

 '
., ,: tl 

,

ll o\
Z I

à{



t-3
( c ) W \^-*\

È\

+'

*'!*¡:c.*....- *\c*o"o¡"-

*:*x* -ñst"

.T

þ*h!--¿.-.. \tÞ""r.l)

")

_",V a

+ _å
i

8
2, 

-11

e
L.=._ 2._2. \ 6r 2\

Bo¡cData r
{{1, 19/ttl, {2,8/LLI, {3,4/ 11}, {4,2/tU, {5,1/11}, {6tt/ 1l}, {7,0}}

{{
19

L, 
-11 Ì,{

4
2_

11

2
4, 

-11 Ì,ÌÌ {', *},{.,*} , {2, O}}

\¡- r.-^ ft prr¡z(
Str R'+ '^ri t,^

!oìuda)

FindFtt,[BoecData, 1/ (Exp[x/r] - 1), {T}, xl

{I -+ 2.2L02L1
\

À¡.

ò cc¡, SLE, \,S Ì: --

Ê .*\'

S

rl

o,69



t-+

I

1.5

plotl ¡ LlrtPlotl{fg/LL,8/L[,4/LL,2/LL, L/LL, l/11, O}]
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Flom equations 7.86 and 7.8g, we have

F:u -rs: Tffiv -r Y:r(#)'-
:Hffi,0-i) :-#ffiu:-¡u

i
i.

:

(b) Differentiating this result with respect to ? gives

(#)":_Yffin,
i

which is indeed equal to -,S, by equation Z.gg.
(") By equation 5.22 and the result of part (a),

The boundary term vanishes at both limits, so lrye,re left with

p _ _(aF\ _ 8zr5 (kT)n tU- 
\ôy )r,*- 45 øæ: sV,

in agreement with the result of the previous problem.
(d) For any particular yo{ with energy e , the partition functio n is z: (1 - "-e/kr)- 

t, ascalculated in equation 2.20. Therefore the fr"" 
"n".gy 

åi ,ni, mode is F : _rcT rn z :kTln(7 - t-c/kr)' To get the total free energy, v/e sum this expression over all modes,as in equation 7,81:

' 
:' 

^"Ð,- 
/c?ln(l - "-e/kr¡ 

:2kr i I,* *'ln(l - "-'/kr) d'n'

In the last expression I've converted. the sum to an integral in spherical coordinatesover the first octant of n-space, and carried out thå 
"osrrl", 

integrals to obtainnf2,the area of an eighth of a unit sphere. Changing va¡iJjes to ø : e f tcT : hcn/2LkTthen gives

F : "kr(zTr)" I,* ,'ln(r - e-') d,r : a*vffi I* *,ln(L - e-,) d,r.

To put this integral into a more familial form, integrate by parts; that is, integratethe rl2 to obtain 13fJ, and, differentiate the logarithñ:

F : P'-vU'T)o f "t '-: aovffifî,"ft - "-,)l; _ 
l"* +# 14

8nV
3

f*r31I --=-- - d'r: -lU,Jo e'-7 3

by comparison with equation 2.g5. This is the same result obtained in part (a)
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lS(hc)ts

(d) To plot z(?) I used the Mathematica instructions

u[t-] := NfntegrateI
x^2*Sqrt [x^2+t^-2J / $.xp [Sqrt [x^2*t^-Z] I +1) , {x,0, Infinity}J

Plot [u [t] , {t , 0 ,3}l
which produced the following plot:

V

5.68
5

4

u(t¡ z

2

L

t: kT/mcz
0.5 1 1_.5 2 2.5 3

(The Plot instruction generated several error messages, because the exponential func-
tion overflows at small ú values. Nevertheless, the plotted curve correctly shows that
u(ú) is essentially zero below ¿ : 0.1.) I added the dashed line to the plot, to show the
asymptotic value calculated in part (c).

(e) As in Problem 7.46(d), consider first just a single "mode" (or singleparticle state),
which can be occupied either by zero particles (with energy zero) or one pa,rticle (with
energy e). The partition function of this mode is Z : L + e-e/*r, and the free euergy
is F: -leTlnZ : -kTln(l + e-ê/kr). To obtain the total free energy, we sum this
expression over all modes:

¡' : 4 Ð eknln(l + e-e/kr) : - tcT .i 
I"* 

r"ln(l + 
"-e/xr) 

dn
tl¿ ¡1g ¡ftz

: -hr(kr)(ry)' 
lo* 

*,ln(l* "-elxr¡ar: 
_ffi1{n,

where

rQ): I,* l,* L+e- Ì2+(L/t)zø2ln(L ¡ e-'/kr) dr : r.2ln d,x.

As ? --+ 0, the exponential factor becomes very small for all ø, so we can expand
the logarithm: ln(1 ¡ "-e/xr¡ 

o u-e/kr. This exponential factor therefore suppr6.ses
the enti¡e expression for /(?), so the free energ¡ like the energy, vanishes when the
temperature is too low to create electron-positron pairs. In the other limit, where
ú ) 1, we can neglect the Llt term in the exponent to obtain simply

/(") * Io**rln(l+ 
e-*)d,r:_ 

Io* *#*
1/-1317naTna: 
g Jo e, +lo': g 'g'15: 

860 
e;1'894'



6-;
(In the second step I've integrated by parts and dropped the boundary term which
vanishes at both limits.) To plot Íg)I used the Mathematica instructions

f tt-l : = Nlntegrate [x^2*Log h+Exp [-Sqrt [x^2+t^-2] I I , {x,0, Inf iniry}J
Plor [f [t] ,{t,0,3}l

which (after a long list of nonfatal error messages) produced the following:

l_.89
L.75
1.5

1,.25

L

0.75
0.5

0.25
f,-

r (t)

0.5 1- 1_.5 2 2 .5 3

(f ) FYom the definition .F' : U - TS, we have simply

W'hen T <mcz, this expression goes exponentially to zero along with u(?) and /(")
In the high-temperature limit, it goes to

,:T:+(W"qrt*effil(")) :
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