Problem 7.15. For a system of particles obeying the Boltzmann distribution, the total
number of particles should be ‘

N = Zﬁﬁoltzmann = Z (i_(e'_“)/kﬂ1 = e“/kT Z C_e'/kT. /

all s s

But the sum in the last expression is just the single-particle partition function, Z;, and
therefore, ¥

N - B

Z:e"/"T or u:lenZ=—len%.
(I prefer to write — In(Z,/N) rather than In(N/Z,), since Z, >> N whenever the Boltzmann
distribution applies.)
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plotl = ListPlot[{19/11, 8/11, 4/11, 2/11, 1/11, 1/11, 0}]
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plot2 = Plot[1/ (Exp[x/2.21021] - 1), {x, O, 7}]
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slist = {{0, 0}, {1, O}, {2, 0.69}, {3, 1.10}, (4, 1.61}, {5, 1.95}, {6, 2.40}}
{{0, 0}, {1, 0}, {2, 0.69), {3, 1.1}, {4, 1.61}, {5, 1.95}, {6, 2.4}}
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FindFit[slist, axx+b, {a, b}, x)]

{a-0.429286, b, -0.180714)
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ia) From equations 7.86 and 7.89, we have
;

& 5 4 5 3
" F=u-rs=8 ()", .. 82n° V(kT)k

15 (he)® ™ " 745 "\ he
_ E (kT)* ( E) _ _'871'5 (kT)*. 1
~ 15 (he)? 3/ 45 (he)® T "3

(b) Differentiating this result with respect to T' gives
OF\ 325 kAT
T/, 45 (he)® "’
which is indeed equal to —, by equation 7.89.
(c) By equation 5.22 and the result of part (a),

p—_(9F\ _s8°k1)* 1U
 \OV oy 45 (R T3V

in agreement with the result of the previous problem.

(d) For any particular mode with energy €, the partition function is Z = (1—e~¢ kT)=1 as
calculated in equation 7.70. Therefore the free energy of this mode is F = —kTInZ =
kT In(1 — e=/*T), To get the total free energy, we sum this expression over all modes,
as in equation 7.81;

F=2 30 K- ¥ =7 2 [“otin(s - ity gy,
0

Ty, Thy Ty

In the last expression I've converted the sum to an integral in spherical coordinates
over the first octant of n-space, and carried out the angular integrals to obtain /2,
the area of an eighth of a unit sphere. Changing variables to z = €/kT = hen/2LkT

then gives
B 2LKTN3 [, -2\ dp = gy KD [, -
F—wkT(TC)/O 2?In(l — e )dm—SﬂVW/O 2 In(l - &) da.

To put this integral into a more familiar form, integrate by parts; that is, integrate
the z? to obtain 2°/3, and differentiate the logarithm: '

(kT)d z3 N /00 3 o=@
=8rVi—"L 21—y [ Z d
F =8rv (o | 3 In(1 -e™%) ) el

The boundary term vanishes at both limits, so we’re left with

8xV [ g3 1
=~ de = —=U
3 /0 e 177737

by comparison with equation 7.85. This is the same result obtained in part (a).
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(d) To plot u(T) I used the Mathematica instructions

ult_] := NIntegratel
x"2%8qrt [x"2+¢"-2]/ (Exp [Sqrt [x~2+t~-2]]1+1) ,{x,0, Infinity}]
Plot[u[t],{t,0,3}]

which produced the following plot:

‘ t = kT /mc?

0.5 1 1.5 2 2.5 3
(The Plot instruction generated several error messages, because the exponential func-
tion overflows at small ¢ values. Nevertheless, the plotted curve correctly shows that
u(t) is essentially zero below ¢ = 0.1.) I added the dashed line to the plot, to show the
asymptotic value calculated in part (c).

(e) As in Problem 7.46(d), consider first just a single “mode” (or single-particle state),
which can be occupied either by zero particles (with energy zero) or one particle (with
energy €). The partition function of this mode is Z = 1 + e~/ kT and the free energy
is F=—kT'InZ = —kT'In(1 + e*/*¥T). To obtain the total free energy, we sum this
expression over all modes:

F=4 Z (—kT)In(1 + e</*T) = —4kT - g/o n?1n(1 + e=</*T) dn

2LKT\® [ 167 (kT4
= —27r(kT)(T> / 2% In(1 + e~/ do = “_("h(“cii")"f o)

where

o0 o0
f(T)= / ®In(1+ e/ ) dg = / z? ln(l +e"V ‘”"“(1/‘)3) dz.
0 0
As T' — 0, the exponential factor becomes very small for all z, so we can expand
the logarithm: In(1 + e~*/*T) ~ e~</¥T. This exponential factor therefore suppresses
the entire expression for f(T'), so the free energy, like the energy, vanishes when the
temperature is too low to create electron-positron pairs. In the other limit, where
t > 1, we can neglect the 1/t term in the exponent to obtain simply
e

f(T)ﬁ/0 :1,'2lr1(1+e")d:z:=—/0 ?1+e"dz

1 [ 23 1 7 7t
=z dr=: - — =" 1804,
3/0 11738 15 360 18N




(In the second step I've integrated by parts and dropped the boundary term which
vanishes at both limits.) To plot f(T) I used the Mathematica instructions

flt_] := NIntegrate[x"2*Log[i+Exp[-Sqrt[x~2+t~-2]11],{x,0,Infinity}]
Plot [f[t],{t,0,3}]

which (after a long list of nonfatal error messages) produced the following:

1 . BOEfcommm o smemns o s i s s s
1.75

1.5

1.25
OB
0.75

0.5

0.25

t = kT /mc?
0.5 1 1.5 2 2.5 3

(f) From the definition F' = U — T'S, we have simply

167V (kT4 _ 16mV (kT)?

oD+ D) =

g_U-F_ l(lﬁﬁV(kT}“

T T\ (he}® (w(T)+£(T))k.

When T < mc?, this expression goes exponentially to zero along with u(T) and f(T).
In the high-temperature limit, it goes to

KT\ 7 =t 1 56> ET\?
N vy . L. L N — vIZ) k.
S (hc) 8 15(1+3)k 45 (hc)k




