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Aiso,‘see N dependence of relative error from only keeping max value of entropy:
relative errorin § : S(EA = <EA>)/S
as last item in text below.
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(V) e 6.4 F

—wwne (se€ Figure 6.5). It is a good approximation to take the rotational and vibrational
motion to be independent and to express the total energy of an ideal diatomic gas as a sum of the
translational, rotational, and vibrational contributions. Hence the total heat capacity (at constant volume)
of the gas can be written as

C = Ciran + Ceoy + Cuib. (6.257)
The last two terms in (6.257) arise from the internal motion of the molecule. The rotational contribution
Crot was discussed in Problem 6.46.



CPoblon~ & cod

(a)

(b)

o & e

The vibrational motion of a diatomic molecule can be modeled by harmonic oscillations about the min-
imum of the potential energy of interaction between the two molecules. What is the high temperature

limit of Cyin?

Solution. There are two quadratic contributions to the vibrational energy, the kinetic energy and the
spring-like potential energy. Thus, for each molecule the contribution to Cip is k.

Let us define a temperature Ty = fw/k. The magnitude of Twip for HCl is Tyip = 4227 K, where w
is the vibrational frequency and hw is the energy difference between neighboring vibrational energy
levels. What do you expect the value of Cyip to be at room temperature?

Solution. At room temperature, which is much less than Ty, we expect the vibrational states of the
molecules to not be excited, and thus Cis = 0.

(c) Use the value of Trot given in Problem 6.46 and the value of Ty, given in part (b) for HCI to sketeh

the T-dependence of the total heat capacity C in the range 10K < T < 10000 K.

Solution. ’There are three plateaus of (3/2)k, (5/2)k, and (7/2)k and smooth curves connecting th

near T = Trot = 15K, for the transition between purely translation contributions to the specific he&tem
contributions from both translational and rotational contributions, and then near T = T}, = 49 b
at which vibrational contributions become important. SEAE
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(a) Program LJ2DFluidMD simulates a system of particles interacting via the Lennard-Jones potential (1.1)
in two dimensions by solving Newton's equations of motion numerically. The program computes the
distribution of velocities in the z-direction among other quantities. Compare the form of the velocity
distribution to the form of the Maxwell velocity distribution in (6.60). How does its width depend on
the temperature?

Solution. Some typical data for N = 64, L = 20, with At = 0.01 and various initial kinetic energies per
particle are summarized in Table S6.1. The runs were equilibrated for 10* time steps and averaged over
about 3 x 10* time steps. Figure $6.1 shows that the width is proportional to T*/?. The temperature
was estimated from the equipartition theorem and is not simply related to the initial kinetic energy.

initial kinetic energy | T | width
0.01 063 | 20
1.00 137 | 29
3.00 328 | 4.2
5.00 7.09 | 6.0

Table S6.1: Data from Program LJ2DF1luidMD. The width (full width at half maximum) is obtained
from a Gaussian fit to the histogram of the velocities in the = direction.

(b) Program TemperatureMeasurementIdealGas implements the demon algorithm for an ideal classical
gas in one dimension (see Section 4.9). All the particles have the same initial velocity. The program
computes the distribution of velocities among other quantities. What is the form of the velocity dis-
tribution? Give an argument based on the central limit theorem (see Section 3.7) why the distribution
has the observed form. Is this form consistent with (6.60)7

Solution. The velocity distribution can be fit to a Gaussian. This result can be understood from the
central limit theorem, because the velocity of each particle is the sum of many random changes due to
energy exchanges with the demon.

! 2 —_
e — m\JsL/Z\c-\

S Ex(é.eo) Us S?NQ:(E;KA&

6

width
F -
°

2 T 1 i 1 i 1 L 1 i
0.5 1.0 1.5 2.0 25 3.0
T1/2

Plot of the width in Table S6.1 as a function of T/2.
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Problem 6.12. Maxwell speed distribution.
(a) Compare the form of the Maxwell speed distribution (6.61) with the form of the Maxwell velocity
distribution (6.59).

Solution. The velocity distribution for any component v; is symmetric about v; = 0. The speed
distribution is defined only for v > 0 and is not symmetric about any value of v.

(b) Use the normalization condition Jo f(v)dv =1 to calculate A and show that

_ 2f m 32 —mu? /2T P
f(v)dv = dmv ( 21rkT) e dv. (Maxwell speed distribution) (6.62)
Solution. We start with
f(v)dv = dmAvPe ™" /2T g, (6.61)
The normalization condition is o
/ flw)dv=1, (S6.21)
0
which gives 4w Al /2 = 1, where [see (A.17)]
- * 2_—az? - 17 my\1/2
LE /_ P g~ E(«TS) (S6.22)
with @ = m/2kT. Thus,
o 1/2 - 3/a 2rkT\3/2
WA((m/2kT)3) - A((m/ZkT)) - A( m ) =1 (86.23)
and B
m
A= (m) . (S6.24)

(c) Calculate the mean speed ¥, the most probable speed ¥, and the root-mean square speed vrms and
discuss their relative magnitudes.



(d)

_—
o

Solution. The mean speed 7 is given by

o
v =/ vf(v) dv = 4w Als, (86.25)
0
where from (A.26),
= [Tteott gy O _ 01 _ 1
I3 —/0 z’e dz = %~ Ba2s " 247 (S6.26)
Hence,
_ m \3/2 1 2kT\1/2
v=4n(5) ey = 2o - (S6.27)
We obtain the most probable speed by taking the derivative of f(v) and setting the result equal to
0:
(20 — ¥*(mé/kT) =0, (S6.28)
o 2kT\1/2
= (W) . (86.29)
To find vrms we first find the mean of v? given by v2 = 41 Al, /2, where
_ °°4_am2 _ 612_ orl 7‘('1/2_3 T \1/2
R T COM B E (5630
Thus, -
— m \3/2 3 T /2 3kT
priE _m_ b SRS/ L
Y 2”(21rkT) 4 ((m/sz)ﬁ) m (86.31)
This result is consistent with the equipartition theorem which gives mv?/2 = 3kT/2. Thus,
— T\1/2
Vems = Vo2 = ( 3K ) _ (S6.32)
m

The three speeds depend on kT’/m in the same way and are related by veme = (3/2)/2 5 & 1.225 and
U= (4/7)"/? & ~ 1.135; vems and T are greater than & because of the long tail in the speed distribution.

Make the change of variables u = v/,/(2kT/m) and show that

f)dv = f(u)du = (4/vm)u?e ™ du, (6.63)
where we have again used same the same notation for two different, but physically related probability
densities. The (dimensionless) speed probability density f(u) is shown in Figure 6.2.

Solution. Because v = u+/(2kT/m), we have
3/2
Flu)du = 47r(u,/(2kT/m))2( %) e~V ERT/m) /KT 0, SR T ) (S6.33a)
e iuze—“zd'u,. (86.33b)
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