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d ., T or.r,,. C A\4r.r,- 2.G3. Two partioular systçms have the following equarions of stare;
1 _loN_9T0' 2" U"'

and
I - åotro'y{z\ 2" gtzl

wher.g..R is the gas constant (problem z,g-2). The mole number of the ûrsr system
is lf(l) :2 and that of the second is ¡r/(z) : 3. The two sysrems are separated by a
diathermal wall, and the total €nergy in the composite system is i.s x to3- ¡.
What is the internal eners/ of each system in equilibrium?
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b) l- " C"\N.o^-
' 2,7'2. Two particurar systems have the following equations of state

J* : J"{g ¿,t : R{,uf(r) 2" gltl ' 7(rr " V{t)

#:;^# #: ^ ,.0:,

and

The mole number of rhe ñrst system 1, ¡{r): 0.5 and that of the second isytzt: Q"15. The two systems are contained in 1closed "vrir¿-ri-r-parated by afixed, adiabatic, and impermeabre piston. The initiar remperatures are ?.(r) : 200K and r*t - 300 K, and the toùt uotu,,," is 20 liters. The ..setsc¡ew,, whichprevents the motion of the piston is then removed, and simurnneousry theadiabatic insulation of the .piston is stripped off, so tt"t ti.--piton becomesmoveable, diathermal, and impermeabre. lhat ir'th" ;;;,-"oiu*", press*re,and temperature of each subsystem when equilibrium is establis-úe¿?It is sufficient to take ,r? = g.3 J /more ri ano to assume the externar pressure tobe zero.

Answer:
uë) _ 1700 J
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A problem to help us understand what it means for entropy to
be maximal ...

Thís is a mockup of callen problem 1.10-3. rt is here to help us understand the some-
what mysterÍous statement that (calren,s poBtuLate rr on p. 271 ,,the values assumed
by the extensive parameters in t,he absence of an Ínternal constraint are those that
maximize the entropy over the manifold of constrained equilibrium states.,,

Forthis example, I have chosento look atasystem with s = (Nl-vU¡l/r

The "constraíned eguílibríum state" could be a box divided in two by a wall thatprevents anything being exchanged between the two sides. rhe ,,manifold of con-
strained equÍlibrium states" are equilibrium states with such walls in place. the
"absence of the external constraint" could be takíng away the wall. we could alsolook at just a partÍal absence of the constraint - a wall that can move so volume is
exchanged, but still keep partictes and energy separate, or can let particles through

\ or energy through or rf all three quantities can pass through the waII, the' waLl is absent and the constraint ís truly gone.

Let us assume N = 50, V = 13 and u = 80 for our unconstraj-ned syst.em. We will play
with constrainÍng it dropping a walr that lets energy pass through (a
"diathermal,' or ,rconductive', wall. )

rn terms of Mathemat.ica functions, r will just writ,e Suncostainedas a function of u, andlet N and v be fíxed parameters. (we can arways pray with them later. )

Suncon¡rr¡t¡"a[U_] != (NU*V*U) ^ (1 / 3)
Nl{=$Q¡V=13¡
[ [Su¡"on"t"rr""¿ [ 80] ]

2513 7.

Thie valuêr 37.325L is the ent. ropy of the u¡const,rained Eystcm.
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OK, noÏt tltG wLll conctrain. Divíde the box into À and B sÍdes so part.ícles and
"volume" cannot cross the wall. Let
s[ü¡]betheentropy thatresultsfromhavingenergyUå on the A sÍde and U - U¡ on the B
side. lotal- energy is U = 80. I wilL make, just on a whím, the choices of I/¿ , Va ,
IV¡ and N¡ that you see below ... beíng careful to be sure volumes sum to 13 and parti-
cle numbers to 50, as beforet

NA= f,g¡ l{B = 2Oi VA = 9¡ VB;4¡ U = 8Ot

The entropy is the sum of S¡ and S¡ ...
s[uÀ_] 3= (NÀ*VÀ*UA) ^ (L / 3) + (NB *VB* (U-UA)) ^ (L / 3)

Let's play wíth cases. First, spose aII the energy is on the B side and none on the
I A side. That would be S[0], which is

N[s [o] l
18.5664

So far so good . S[0] Ís a lot l-ower than Son.onstrornea[80] = 37.3251

A B

Let's now plot S[tIÀ] to see Íf it is always lower than 37.325L
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Finduaxlnun[s [x], {x, 55}l
{37 .2087, {x -+ 51.8024} }

s [sl.8024)
37 .2087

Very cool. The constraíned entropy is maximized by a certain partitionÍng of ener-
gíes. Energy on A side is U¡ = 51.8024 and on B síde ... Us= 80 - 51.802 = 28.198.
These energiea naximize the entropy at S - 37.2087. fhís ls a maximum with a con-
straint: a diathermal wall in place. Notice; It ís ever so slightly lower than the
entropy of the unconstrained system where there is no walI.

QUESTION : !{hat is the source of the difference in maxímal entropy?
Vühyisthemaximumof theconstraÍned.9, whichiss = S¡ + S¡ = 37,20L8,

less than the maxÍmum of ,9e¡sqs¡¡¿t¡6d =
37,325L ? Thís difference isn' t big. Is it even real ?

See below, the last part of this notebook for my answer . . .

So far ... rite have found that if the Lnternal waII ís made diatbermal to let energy
go back and forth, Lndividual eystens wlll come to energics euch that U¡ - 51.8024
ard U¡ - 8O - 51.802¿ - 28.L976. Does this imply that the two sidee come to the same
temperature? For this: write derívatÍve of S wíth respect to U in order to get T =
(ôu / ôs) v,N

Temp[UU_, NN_, \ t_] ¡= 3*uu^(2 /3) / NN^(1 /3) / W^(1/3)
Tenp[51 .8024t NÀ, vå]
6.4501

Tenp[28.1976, NB, VB]

6.45009

3

I

)

9ùhoohoo
tions óU.

T¿. = Ta at point in parameter space where S(UrVrN) is maximized wrt varia-

l{e could also do this¡ Given the form of S and that it varíes the same way with U, V
and N. We could do varíations óV and óN to show Pe = Pa if the waII can move to choose
vol-ume Similarl-y, we could show lre = lta if the wal-l- were porous to passage of
partícJ-es.

,q¡IStüER to quest,ion about enttopy difference: The wa71 ís keeping the density on side
A equaT to 30/9 = 5/3 which is J,ess than side B's density ot 20/4 = 5. The wa77-
free values of N¡ and Np wouJd be difterent. Suppose we re-calculate everything assum-

.\
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ingVA=9, VB= 4t U= 80t andNA +I\IB= 50but takíngaguesËatwhatwould
maximize entropy, the densities are as eguaL as ute can get them. NA = 50 * 9/73 =
450/13 (not an integerl it's ok, though, for mathematicaL purposes) and ¡vB = 200/13.

DIå: 450/13; NB =2OO/ 13¡ VÀ = 9i VB = 47 V = 8Oi

ll ISuncon¡trar""a [ 80] ]
37 ,32sr

s,[uÀ_] := (llÀ*VA*UA)^(1 /3) + (NB*VB*(U-UA))^(1/3)
Plot lEvaluate [s [UÀ] I , {UA, 0, U} l
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Findl'laximunIS Ix], {x, 55}l
{37 .325I, {x -+ 55.3846} }

fn COnCIUSiOn! s = 37.3251 for this most recent choice of energy and den-
síty, where we have created constraíned densities in À and B that are egual to each
other. Thus¡ they are ídentical to unconstraíned densíty that would exist without a
wall. ALso, the energíes that nature chooses in order to maximize s are identical to
what they would be were the watl not there. The particle numbers and the energies
have the ratio
Ne/Ne= UÀ / VB = V¡ / VB=9/4 = 2.25
(Note that this was not the ratio of the energies which maximized s ï¡hen the partícle
numbers $¡ere set to N¡ = 30 and Ns = 20r so that N¡, /Ns =' 1.5.)
The constrafned and unconatrafned entropies are now the same ... it doesn,t natter lf
the wall Ls there or not,.
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