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2.6-3. Two particular systems have the following equations of state:
P Fom €l 5 3 ngeq
TO 27 ym
and
1 5 _NO®
T® 2" Yo

where R is the gas constant (Problem 2.6-2). The mole number of the first system
is N = 2 and that of the second is N® = 3. The two systems are separated by a
diathermal wall, and the total energy in the composite system is 2.5 x 10% J.
What is the internal energy of each system in equilibrium?
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2.7-2. Two particular systems have the following equations of state:
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The mole number of the first system is N = 0.5 and that of the second is
N@ = 0.75. The two systems are contained in a closed cylinder, separated by a
fixed, adiabatic, and impermeable piston. The initial temperatures are 7 = 200
K and T =300 K, and the total volume is 20 liters, The “setscrew” which
prevents the motion of the piston is then removed, and simultaneously the
adiabatic insulation of the piston is stripped off, so that the piston becomes
moveable, diathermal, and impermeable. What is the energy, volume, pressure,
and temperature of each subsystem when equilibrium is established?

It is sufficient to take R =~ 8.3 J /mole K and to assume the external pressure to

be zero.
Answer:
U = 1700 J
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Solve[{P1 /% = P2/7T, Pl zRaMlaT/Vl, P2 z= RaM2#T/V2, V14V2 = 20 » 10~ -3},

(P1, B2, V1, V2}]

. Solve was unable to soive the system with inexact coefficients.

Soiveratnz
orresponding exact system and numericizing the resuit. >

The answer was obtained by solving a <

{{P1 -» 140 967., P2 »140967., V1 »0.008, V2 0.012;;
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A problem to help us understand what it means for entropy to
be maximal ...

This is a mockup of Callen problem 1.10-3. It is here to help us understand the some-
what mysterious statement that (Callen’s Postulate II on p. 27) “the values assumed
by the extensive parameters in the absence of an internal constraint are those that

maximize the entropy over the manifold of constrained equilibrium states.”

For this example, Ihave chosen to look ata system with S = (NVU)Y/3

The “constrained equilibrium state” could be a box divided in two by a wall that
prevents anything being exchanged between the two sides. The *“manifold of con-
strained equilibrium states” are equilibrium states with such walls in place. The
“absence of the external constraint” could be taking away the wall. We could also
look at just a partial absence of the constraint - a wall that can move so volume is
exchanged, but still keep particles and energy separate, or can let particles through
or energy through or .... If all three quantities can pass through the wall, the

wall is absent and the constraint is truly gone.

Let us assume N = 50, V = 13 and U = 80 for our unconstrained system. We will play
with constraining it ... dropping a wall that lets energy pass through (a

“diathermal” or “conductive” wall.)

In terms of Mathematica functions, I will just write Supcostained @88 a function of U, and
let N and V be fixed parameters. (We can always play with them later.)

Sunconstrained [U_] : (NN*xV=&U)~(1/ 3)

NN = 50; Vv = 13;
N [sunconltrnined [80] ]

37.3251

This value, 37.3251 is the entropy of the unconstrained system.
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OK, now we will constrain. Divide the box into A and B sides so particles and
“yolume” cannot cross the wall. Let

5[Ua] be the entropy that results fromhavingenergy U on the A side and U - U, on the B
side. Total energy is U = 80. I will make, just on a whim, the choices of V, ¢ Vs,
Ny and Ny that you see below ... being careful to be sure volumes sum to 13 and parti-

cle numbers to 50, as beforel

NA = 30; NB = 20; VA = 9; VB = 4; U = 80;

A B

The entropy is the sum of S and Sz ...

S[UA_] := (NA*VA%UR)~(1/3) + (NB *VB* (U~UA)) ~(1/ 3)

Let’s play with cases. First, spose all the energy is on the B side and none on the

A side. That would be S[0], which is
N[S[0]]
18.5664

So far so good ... S[0] is a lot lower than Sunconstrainea [80] = 37.3251.

Let’'s now plot S[U,] to see if it is always lower than 37.3251
%}
341
ﬂ:

304
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FindMaximum[S[x], {x, 55}]
{37.2087, {x->51.8024}}

S[51.8024]
37.2087

Very cool. The constrained entropy is maximized by a certain partitioning of ener-
gies. Energy on A side is Uy = 51.8024 and on B side ... Usp= 80 -~ 51.802 = 28,198.
These energies maximize the entropy at S = 37.2087. This is a maximum with a con-
straint: a diathermal wall in place. Notice: It is ever so slightly lower than the

entropy of the unconstrained system where there is no wall.

QUESTION : What is the source of the difference in maximal entropy?

Why is the maximum of the constrained S, whichis S = S, + S = 37.2018,
less than the maximum of Syncostrained =

37.3251? This difference isn' tbig. Is it evenreal?
See below, the last part of this notebook for my answer ...

So far ... we have found that if the internal wall is made diathermal to let energy
go back and forth, individual systems will come to energies such that U, = 51.8024
and Us = 80 - 51.8024 = 28.1976. Does this imply that the two sides come to the same

temperature? For this: write derivative of S with respect to U in order to get T =
(8U/B8)y,n

Temp[UU_, NN , VV_] := 3%«UU~(2/3) /NN~(1/3) / VW~ (1/3)
Temp [51.8024, NA, VA]

6.4501

Temp[28.1976, NB, VB]
6.45009

Whoohoo ... Ty = Ty at point in parameter space where S(U,V,N) is maximized wrt varia-

tions 6&U.

We could also do this: Given the form of S and that it varies the same way with U, V
and N. We could do variations 5V and 6N to show P, = P; if the wall can move to choose
volume Similarly, we could show u, =up if the wall were porous to passage of

particles.

ANSWER to question about entropy difference: The wall is keeping the density on side
A equal to 30/9 = 5/3 which is less than side B’s density of 20/4 = 5. The wall-
free values of N and Nz would be different. Suppose we re-calculate everything assum-
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ing VA =9, VB = 4, U = 80, and NA + NB = 50 but ... taking a guess at what would
maximize entropy, the densities are as equal as we can get them. NA = 50 * 9/13 =
450/13 (not an integer! 1it’s ok, though, for mathematical purposes) and NB = 200/13.

NA = 450/13; NB =200/13; VA = 9; VB = 4; U = 80;

N [sunconltrained [80] ]

37.3251

S[UA_] := (NA*VA%UA)~(1/3) + (NB *VB« (U-UA))~ (1/3)
Plot [Evaluate[S[UA]], {UA, 0, U}]

36:—
34

32

FindMaximum[S[x], {x, 55}]
{37.3251, {x - 55.3846}}

In conclusion: 8 = 37.3251 for this most recent choice of energy and den-

sity, where we have created constrained densities in A and B that are equal to each
other. Thus, they are identical to unconstrained density that would exist without a
wall. Also, the energies that nature chooses in order to maximize S are identical to
what they would be were the wall not there. The particle numbers and the energies
have the ratio

Na /Ng = Uy / Ug = Va / Vg-9/4 = 2.25

(Note that this was not the ratio of the energies which maximized S when the particle
numbers were set to N = 30 and N = 20, so that N /N = 1.5.)

The constrained and unconstrained entropies are now the same ... it doesn’t matter if

the wall is there or not.
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