
E27 – SPRING 2011 – ZUCKER

EXAM 2

Instructions

• This is a take home exam. You may use the textbook, your notes, or any course
materials to complete the exam, but you may not communicate with other students
about the exam, or consult the internet. The exam is due at the start of class on
Tuesday, April 12. No late exams will be accepted.

• Complete the exam on separate paper.

• If you can’t show something mathematically, try explaining it in plain English. I’ll
give you as much partial credit as I can.

• This test is untimed, but nevertheless, dont get stuck. If you haven’t made progress
on a particular problem for some time, come back to it later.
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1. Image color reduction with k-means (20 points)

Explain how k-means could be used to reduce a w�h RGB image to the “closest” match-
ing 8 color image, as in the figures below.

The left image is the full-color RGB image. The right image has only 8 colors.

a. How many vectors are input to k-means?

b. What is the dimension of each vector?

c. What is k?

d. Describe how the output image could be generated from the k means.
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2. Multi-view geometry for a rotating camera (20 points)

Consider two images of the same scene, taken by the same camera. In the second im-
age, the camera has been rotated about its optical center by a rotation R. The projection
matrices for the two images are given by

M 1 � K
�

I 0
�

M 2 � K
�
R 0

�

where K is a matrix of intrinsic parameters, and I is the 3� 3 identity matrix.

a. Explain why the essential matrix is degenerate in this case.

b. Show that the projections q1 and q2 of some point P in the world are related by a
homography

q2 �Hq1

and derive an expression for H .
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3. Pose matching with gradient descent (40 points)

Given

• a set of n 3D points P 1, . . . ,P n, with P i � pXi, Yi, Ziq

• their corresponding locations in a camera image q1, . . . , qn, with qi � pu1i, v
1

iq

• an intrinsic camera parameter matrix K

• an initial guess at the object’s translation vector t � ptx, ty, tzq and rotation vector
r � prx, ry, rzq.

your goal is to use gradient descent to minimize the geometric reprojection error by up-
dating r and t. The projection of point P i is given by�

� xi

yi
wi

�
� � K

�
Rprq t

� � P i

1

�

where Rprq : R3 ÞÑ R3�3 computes the rotation matrix corresponding to the rotation
vector r. The projected pixel coordinates are ui � xi{wi and vi � yi{wi.

a. Write down the geometric error E, and explain why it is not linear in r or t.

b. Derive the gradient of the geometric error with respect to t:

∇tE �
�

BE
Btx

BE
Bty

BE
Btz

�T
You can express the gradient as a product of various matrices. There is no need
to explicitly evaluate their product, but be specific about how the elements of the
matrices are defined.

c. Derive the gradient of the geometric error with respect to r:

∇r E �
�

BE
Brx

BE
Bry

BE
Brz

�T
You may assume the existence of the functions∇rx Rprq,∇ry Rprq, and∇rz Rprq :
R3 ÞÑ R3�3, which compute the gradient of the rotation matrix Rprq with respect
to the parameters rx, ry, and rz. As above, you may express the gradient as a matrix
product.

d. Outline a gradient descent procedure to improve the geometric error, given ∇tE
and ∇r E.
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4. Non-linear functions in neural networks (20 points)

Here is a simple two layer neural network:

y1

y3 y4

y2

y5

1

1

The output is computed by

y3 � fpx3q � fpw13 y1 � w23 y2 � b3q

y4 � fpx4q � fpw14 y1 � w24 y2 � b4q

y5 � fpx5q � fpw35 y3 � w45 y4 � b5q

where wij is the weight from node i to node j and bj is the weight from a bias node to
node j.

Assume that instead of a non-linear sigmoid function, we replace fpxq with the identity
function fpxq � x.

a. Show that with this f , the resulting network can be replaced with an equivalent one
layer network, and derive its weights in terms of the weights in the network above.

b. Explain why the resulting network could never learn the binary XOR function.
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